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STRUCTURAL ASPECTS OF TWIN AND PURE TWIN GROUPS
VALERIY BARDAKOV, MAHENDER SINGH, AND ANDREI VESNIN
Abstract. The twin group Tn is a Coxeter group generated by n− 1 involutions and the pure
twin group PTn is the kernel of the natural surjection of Tn onto the symmetric group on n
letters. In this paper, we investigate structural aspects of twin and pure twin groups. We prove
that the twin group Tn decomposes into a free product with amalgamation for n > 4. It is
shown that the pure twin group PTn is free for n = 3, 4, and not free for n ≥ 6. We determine
a generating set for PTn, and give an upper bound for its rank. We also construct a natural
faithful representation of T4 into Aut(F7). In the end, we propose virtual and welded analogues
of these groups and some directions for future work.
1. Introduction
Twin groups Tn, n ≥ 2, are a class of Coxeter groups generated by n − 1 involutions. These
groups first showed appearance in the works of Shabat and Voevodsky [12, 13] under the name
Grothendieck cartographical groups. Later, these groups appeared in the work of Khovanov
[9] on real K(pi, 1) arrangements, who called them twin groups, and investigated them further
in [10].
Twin groups have a geometrical interpretation [9, 10] similar to the one for classical braid
groups. Consider two parallel lines, say y = 0 and y = 1, on the plane R2 with n marked points
on each line. Consider the set of configurations of n arcs in the strip R × [0, 1] connecting n
marked points on line y = 1 to those on the line y = 0 such that each arc is monotonic and
no three arcs have a point in common. Two such configurations are called equivalent if one
can be deformed into the other by a homotopy of arcs keeping the end points of the arcs fixed
throughout the homotopy, and an equivalence class is called a twin. The product of two twins
on n arcs can be defined by placing one on top of the other and rescaling the interval to unit
length. This operation turns the set of all twins on n arcs into a group which is isomorphic to
the group Tn. The generators si are geometrically represented by configurations of the type as
shown in Figure 1.
The closure of a twin is defined analogous to closure of a braid. A doodle on a closed surface
is a collection of finitely many piecewise-linear closed curves without triple intersections. The
concept first appeared in the work of Fenn and Taylor [5]. The idea is similar to that of a classical
link. It is evident that closure of a twin gives a doodle. In [10], Khovanov proved that every
oriented doodle on a 2-sphere is the closure of a twin. Also, to each doodle, he associated a group
called the fundamental group of the doodle, which plays the role of the fundamental group of
a link complement. These constructions have been generalised by Bartholomew-Fenn-Kamada-
Kamada [2], wherein they consider collection of immersed circles in closed oriented surfaces of
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Figure 1. The generator si.
arbitrary genus. A Markov theorem for doodles on the 2-sphere has been established recently by
Gotin [6].
The twin group Tn is generated by n−1 involutions s1, s2, . . . , sn−1. The pure twin group PTn
is defined as the kernel of the natural homomorphism from the twin group Tn to the symmetric
group Sn on the set {1, . . . , n}, where the homomorphism maps the twin si to the transposition
(i, i+1). A nice topological interpretation of the pure twin group PTn is also known [9]. Consider
the space
Xn = Rn \
{
(x1, x2, . . . , xn) ∈ Rn |xi = xj = xk, i 6= j 6= k 6= i
}
,
the complement of triple diagonals xi = xj = xk. In [9], Khovanov proved that the fundamental
group pi1(Xn) is isomorphic to pure twin group PTn. Before that, Björner and Welker [3] had
investigated cohomology of these spaces and shown that each H i(Xn,Z) is free. They had also
computed the ranks in some cases.
The purpose of this paper is to investigate largely unexplored structural aspects of twin groups
and pure twin groups. The paper is organised as follows. In Section 2, we prove that the twin
group Tn decomposes into a semi-direct product for n > 2 (Proposition 2.1), and a free product
with amalgamation for n > 4 (Theorem 2.3). In Section 3, we discuss pure twin groups. We
prove that PTn is free for n = 3, 4 (Theorem 3.1), and not free for n ≥ 6 (Theorem 3.2). Though
our approach is mostly algebraic, we also present a geometric proof of freeness of PT4 by showing
that it can be realised as the fundamental group of the 8-punctured 2-sphere. In Section 4, we
determine a generating set for PTn (Theorem 4.2), and give an upper bound for the rank of PTn
(Theorem 4.7). We also show that there is a natural faithful representation of T4 into Aut(F7)
(Proposition 4.9). Finally, in Section 5, we introduce virtual twin groups V Tn, welded twin
groups WTn, and formulate some problems for future work.
Throughout the paper, we use the notation ab := b−1ab and [a, b] := a−1b−1ab.
2. Twin groups
Let n ≥ 2 be an integer. The twin group Tn is generated by the elements s1, s2, . . . , sn−1, and
defined by the relations
s2i = 1 for i = 1, 2, . . . , n− 1,(1)
and
sisj = sjsi for |i− j| ≥ 2.(2)
In particular,
T2 =
〈
s1 | s21 = 1
〉
= Z2
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is the cyclic group of order 2, and
T3 =
〈
s1, s2 | s21 = s22 = 1
〉
= Z2 ∗ Z2
is the infinite dihedral group. Braid relations are missing in twin groups since triple intersections
are not allowed for doodles.
2.1. Reidemeister–Schreier method. We recall the well-known Reidemeister–Schreier me-
thod [11, Theorem 2.6] that yields a presentation for a finite index subgroup H of a finitely
presented group G = 〈X | R〉. Consider the Schreier set Λ of coset representatives of H in G.
For each element g ∈ G, let g denote the unique coset representative of the coset of g in the
Schreier set Λ. Then by Reidemeister–Schreier Theorem [11], the subgroup H is generated by
the set {
Sλ,a = (λa)(λa)
−1 | λ ∈ Λ and a ∈ X}.
Further, the defining relations for H are{
τ(λrλ−1) | λ ∈ Λ and r ∈ R},
where τ is Reidemeister’s transformation, which maps every nonempty word xε1i1 . . . x
εp
ip
(εj = ±1)
to a word in SKα,aν by the rule:
τ(xε1i1 . . . x
εp
ip
) = Sε1Ki1 ,xi1
. . . S
εp
Kip ,xip
,
where Kij = x
ε1
i1
. . . x
εj−1
ij−1 , if εj = 1, and Kij = x
ε1
i1
. . . x
εj
ij
, if εj = −1.
2.2. Decomposition of Tn into semi-direct product. It is easy to check that there is a
surjective homomorphism
ϕn : Tn −→ Tn−1,
which maps sn−1 to 1 and si to si for all i 6= n − 1. From the geometrical point of view ϕn is
the deletion of the n-th strand in the braid-type geometric presentation of twines.
Denote by Dn = Ker(ϕn), the kernel of the homomorphism ϕn.
Proposition 2.1. The following properties hold:
(1) Tn = Dn h Tn−1 for n > 2.
(2) D3 = Z2 ∗ Z2 ∼= T3.
(3) D4 =
〈
ak, k ∈ Z | a2k = 1, k ∈ Z
〉
, the free product of Z2 indexed by integers.
Proof. Recall that Tn−1 is a subgroup of Tn. In fact, the map Tn−1 → Tn given by si → si,
1 ≤ i ≤ n− 2, is a splitting of the extension
1→ Dn → Tn → Tn−1 → 1.
Thus, Tn = Dn h Tn−1, which is assertion (1).
By definition we have T3 = 〈s1, s2 | s21 = s22 = 1〉 and |T2| = 2. ThenD3 = Ker{ϕ3 : T3 −→ T2}
has index 2 in T3. Consider Ω3 = {1, s1} as a set of coset representatives of D3 in T3. By
Reidemeister–Schreier method the group D3 is generated by elements
Sλ,a = λa (λa)
−1, λ ∈ Ω3, a ∈ {s1, s2}.
A direct computation yields
S1,s1 = 1, S1,s2 = s2, Ss1,s1 = 1, Ss1,s2 = s1s2s1.
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Thus, D3 is generated by elements b = s2 and c = s1s2s1. Further, it is easy to see that D3 is
defined by the relations b2 = c2 = 1, and hence D3 ∼= Z2 ∗ Z2, which is assertion (2).
Every element of T3 can be written in the form sε1(s1s2)k for some ε ∈ {0, 1} and k ∈ Z. Let
Ω4 denotes the set of words of this form and consider it as a set of coset representatives of D4 in
T4. Then D4 is generated by elements
Sλ,a = λa (λa)
−1, λ = sε1(s1s2)
k, ε ∈ {0, 1}, k ∈ Z, a ∈ {s1, s2, s3}.
It is easy to check that Sλ,a = 1 for all λ ∈ Ω4 and a ∈ {s1, s2}. If a = s3, then
Sλ,s3 = s
ε
1(s1s2)
ks3(s1s2)
−ksε1.
Thus, in fact, D4 is generated by elements
aε,k = s
ε
1(s1s2)
ks3(s1s2)
−ksε1,
where ε ∈ {0, 1} and k ∈ Z. By Reidemeister–Schreier method D4 has defining relations
τ(λrλ−1) = 1,
where r is a relation of T4 and τ is a rewriting process.
For the relation r = [s1, s3] of T4, we get
λ[s1, s3]λ
−1 = λs1s3s1λ−1 λs3λ.
For the case ε = 1 we obtain
τ
(
λ[s1, s3]λ
−1) = a0,−ka1,k = 1,
and for the case ε = 0 we obtain
τ
(
λ[s1, s3]λ
−1) = a1,−ka0,k = 1.
These two types of relations can be used to eliminate all generators of the type a1,k, and hence
D4 is generated by elements ak = a0,k.
For the relation r = s23 of T4 we have
τ(λs23λ
−1) = a2ε,k,
and therefore a2k = 1.
For the relations r = s21 and r = s22, the relations τ(λrλ−1) = 1 are trivial since the generators
Sλ,s1 and Sλ,s2 are trivial. Thus, D4 is generated by ak with defining relations a2k = 1 for k ∈ Z.
This completes the proof of assertion (3). 
2.3. Decomposition of Tn into free product with amalgamation. In this subsection, we
prove that T3 and T4 decompose into a free product, and Tn decompose into a free product with
amalgamation for n > 4.
It is not difficult to find the structure of Tn and its commutator subgroup T ′n for small values
of n.
Proposition 2.2. For n = 3, 4, Tn and T ′n have the following description:
(1) T3 ∼= Z2 ∗ Z2.
(2) T ′3 =
〈
[s1, s2] = (s1s2)
2
〉 ∼= Z.
(3) T4 ∼= (Z2 × Z2) ∗ Z2.
(4) T ′4 =
〈
[s1, s2], [s3, s2], [s1s3, s2]
〉 ∼= F3.
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Proof. The decomposition of T3 and T4 follows from the definition. More precisely, we can write
T4 =
〈
s1, s2, s3 | s21 = s22 = s23 = 1, s1s3 = s3s1
〉
=
(〈s1, s3 | s21 = s23 = 1, s1s3 = s3s1〉) ∗ 〈s2 | s22 = 1〉
∼= (Z2 × Z2) ∗ Z2.
The results on the commutator subgroups follow from the following fact (see [11, p.197]): the
commutator subgroup of the free product A ∗ B of abelian groups A and B is the subgroup of
mixed commutators [A,B] which is the kernel of the homomorphism A ∗B −→ A×B. Further,
[A,B] is free with basis consisting of elements [a, b], where 1 6= a ∈ A and 1 6= b ∈ B. 
In general, the following decomposition holds.
Theorem 2.3. If n > 4, then the twin group Tn has the following description as a free product
with amalgamation:
Tn ∼= (Z2 × Tn−2) ∗Tn−3 (Z2 × Tn−3) .
Proof. Let A = 〈s1, s3, s4, . . . , sn−1〉 be a subgroup of Tn generated by the same set as Tn except
the generator s2. Then A is a standard subgroup of Tn, i. e. it is generated by a subset of the
generating set of Tn. Hence A has the presentation
A =
〈
s1, s3, s4, . . . , sn−1 | s2i = [s1, sj ] = [sj , sk] = 1;
i = 1, 3, 4, . . . , n− 1; j = 3, 4, . . . , n− 1; j < k ≤ n− 1; k − j > 1〉
∼= Z2 × Tn−2,
where 〈s1〉 ∼= Z2 and the subgroup of A that is generated by s3, s4, . . . , sn−1 is isomorphic to
Tn−2.
Consider the group
B =
〈
s2, t4, t5, . . . , tn−1 | s22 = t2i = [s2, ti] = [ti, tj ] = 1;
i = 4, 5, . . . , n− 1; i < j ≤ n− 1; j − i > 1〉
∼= Z2 × Tn−3.
Then there exists an embedding B −→ Tn defined on generators by the rules
s2 7→ s2, ti 7→ si, i = 4, 5, . . . , n− 1.
The preceding embedding induces an isomorphism between the subgroup A1 = 〈s4, s5, . . . , sn−1〉
of A and the subgroup B1 = 〈t4, t5, . . . , tn−1〉 of B defined by si 7→ ti for i = 4, . . . , n − 1. It is
easy to see that A1 ∼= B1 ∼= Tn−3, and hence
Tn ∼= A ∗Tn−3 B,
which is the desired decomposition. 
As a consequence, we obtain the following result.
Corollary 2.4. The center of the twin group Tn is trivial for n > 2.
Proof. By Proposition 2.2, T3 and T4 are non-trivial free products, and hence have trivial centers.
By [8, Lemma 2.5], if G = G1 ∗H G2 is a free product of two groups with amalgamation such
that G1 6= H and G2 6= H, then Z(G) ≤ Z(H). This together with Theorem 2.3 implies that
Z(Tn) ≤ Z(Tn−3) for n > 4. Thus, to conclude that Z(Tn) = 1 for all n > 2, it only suffices to
show that Z(T5) = 1.
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It follows from Theorem 2.3 that
T5 = A ∗T2 B,
where A = 〈s1, s3, s4〉 ∼= 〈s1〉 × 〈s3, s4〉 ∼= Z2× T3 and B = 〈s2, t4〉 ∼= Z2×Z2. The amalgamated
subgroup T2 ∼= 〈s4〉 ∼= 〈t4〉 ∼= Z2, and hence Z(T5) is either trivial, or isomorphic to Z2 with
generator s4 = t4. Since the subgroup 〈s3, s4〉 is isomorphic to T3, it follows that s4 does not
commute with s3, and hence Z(T5) is trivial. 
3. Pure twin groups
Let n ≥ 2 be an integer. Then the pure twin group PTn is defined as the kernel of the
homomorphism from the twin group to the symmetric group
pi : Tn −→ Sn,
which maps the generator si to (i, i + 1) for i = 1, 2, . . . , n − 1. For example, elements of the
type (sisi+1)3 lie in PTn, and geometrically represented in Figure 2. The closure of the twin in
Figure 2. Pure twin (sisi+1)3.
Figure 2 is the Borromean doodle as shown in Figure 3.
Figure 3. Borromean doodle.
Observe that for n = 2 we have T2 ∼= S2, and hence PT2 = 1. In this section, we find a
generating set for PTn for n > 2. This is achieved by using Reidemeister–Schreier method as
recalled in Section 2. Consider the Schreier set of coset representatives of PTn in Tn given by
Λn =
{
m1,i1m2,i2 . . .mn−1,in−1 | mk,ik = sksk−1 . . . sik+1 for each 1 ≤ k ≤ n−1 and 0 ≤ ik < k
}
.
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We set mk,k = 1 for 1 ≤ k ≤ n − 1. For an element x ∈ Tn, let x denote the unique coset
representative of the coset of x in the Schreier set Λn. Then the pure twin group PTn is generated
by the set {
Sλ,a = (λa)(λa)
−1 | λ ∈ Λn and a ∈ {s1, s1, . . . , sn−1}
}
and has relations {
τ(λrλ−1) | λ ∈ Λn and r a defining relation in Tn
}
,
where τ is Reidemeister’s transformation.
3.1. Structure of PTn. For n = 3, 4, we determine the complete structure of PTn.
Theorem 3.1. PT3 ∼= Z and PT4 ∼= F7.
Proof. By Reidemeister–Schreier method [11] the group PT3 is generated by elements
Sλ,a = λa (λa)
−1, λ ∈ Λ3, a ∈ {s1, s2},
where
Λ3 = {1, s1, s2, s1s2, s2s1, s1s2s1}
is the set of right coset representatives of the group PT3 in T3. It is easy to see that among
elements of the form Sλ,a the only non-trivial elements are
Ss2s1,s2 = (s2s1)
3 and Ss1s2s1,s2 = (s1s2)
3,
which are inverses of each other. Hence, PT3 is generated by one element.
Next we find the defining relations of PT3. Considering the relation r2 = s22 we get
s2s1r2s
−1
1 s
−1
2 = Ss2s1,s2Ss1s2s1,s2 ,
and
s1s2s1r2s
−1
1 s
−1
2 s
−1
1 = Ss1s2s1,s2Ss2s1,s2 .
Hence, Ss2s1,s2 = S−1s1s2s1,s2 and
PT3 = 〈(s1s2)3〉 ∼= Z.
Now we consider n = 4. The group PT4 is generated by elements
Sλ,a = λa (λa)
−1, λ ∈ Λ4, a ∈ {s1, s2, s3},
where
Λ4 = Λ3 ∪ Λ3s3 ∪ Λ3s3s2 ∪ Λ3s3s2s1
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is the set of right coset representatives of PT4 in T4. Straightforward calculations show that the
following generators of PT4 that do not lie in PT3 are non-trivial:
Ss3s2,s3 = (s3s2)
3, Ss1s3s2,s3 =
(
(s3s2)
3
)s1 , Ss2s3s2,s3 = (s2s3)3,
Ss1s2s3s2,s3 =
(
(s2s3)
3
)s1 , Ss2s1s3s2,s3 = (s2s1)3((s2s3)3)s1s2s1 ,
Ss1s2s1s3s2,s3 = (s1s2)
3
(
(s2s3)
3
)s1s2 , Ss3s2s1,s2 = ((s2s1)3)s3 ,
Ss3s2s1,s3 = (s3s2)
3, Ss1s3s2s1,s2 =
(
(s1s2)
3
)s3 , Ss1s3s2s1,s3 = ((s3s2)3)s1 ,
Ss2s3s2s1,s2 =
(
(s2s1)
3
)s3s2 , Ss2s3s2s1,s3 = (s2s3)3,
Ss1s2s3s2s1,s2 =
(
(s2s1)
3
)s3s2s1 , Ss1s2s3s2s1,s3 = ((s2s3)3)s1 ,
Ss2s1s3s2s1,s2 =
(
(s1s2)
3
)s3s2 , Ss2s1s3s2s1,s3 = (s2s1)3((s2s3)3)s1s2s1 ,
Ss1s2s1s3s2s1,s2 =
(
(s1s2)
3
)s3s2s1 , Ss1s2s1s3s2s1,s3 = (s1s2)3((s2s3)3)s1s2 .
After removing the redundant generators from the preceding list and using the fact that the
element (s1s2)3 ∈ PT3 is also a generator of PT4, the complete list of generators of PT4 can be
rewritten as
(s1s2)
3,
(
(s1s2)
3
)s3 , ((s1s2)3)s3s2 , ((s1s2)3)s3s2s1 ,
(s2s3)
3,
(
(s2s3)
3
)s1 , ((s2s3)3)s1s2 , ((s2s3)3)s1s2s1 .
But, we have
(3) (s2s1)3
(
(s2s3)
3
)s1s2s1(s1s2)3 = ((s3s2)3)s1s2 ,
and hence PT4 is generated by 7 elements. Considering the defining relations, we see that
PT4 ∼= F7, where F7 is the free group on the elements
(s1s2)
3,
(
(s1s2)
3
)s3 , ((s1s2)3)s3s2 , ((s1s2)3)s3s2s1 ,
(s2s3)
3,
(
(s2s3)
3
)s1 , ((s2s3)3)s1s2 .
This completes the proof. 
Theorem 3.2. The pure twin group PTn is not free for n ≥ 6. Further, PTn is torsion-free for
n ≥ 3.
Proof. In [9], Khovanov proved that PTn is isomorphic to the fundamental group of the space
Xn which is an Eilenberg–Maclane space. Further, Björner and Welker [3] proved that each
H i(Xn,Z) is free and H i(Xn,Z) 6= 0 iff 0 ≤ i ≤ n/3. If PTn is free, then Xn is homotopy
equivalent to a wedge of circles, and hence H i(Xn,Z) 6= 0 iff 0 ≤ i < 2. Thus, if PTn is free,
then n < 6.
The second assertion follows from Theorem 3.1 for n = 3, 4. For the general case, recall from
[3] that the Eilenberg–Maclane space Xn of PTn is finite dimensional. Therefore, PTn is of finite
cohomological dimension, and hence torsion-free. 
Remark 3.3. Björner and Welker [3] proved that H1(Xn,Z) has rank
∑n
i=3
(
n
i
)(
i−1
2
)
. For n =
3, 4, the formula yields the ranks 1, 7, respectively, which agrees with Theorem 3.1. For n = 5,
H1(X5,Z) is a free abelian group of rank 31 and H i(X5,Z) = 0 for i ≥ 2.
In view of the preceding remark we propose the following:
Conjecture 3.4. The pure twin group PT5 is a free group of rank 31.
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3.2. A geometric proof of freeness of PT4. We demonstrate some geometrical properties of
PT4 and obtain another proof of its freeness. More precisely, we show that PT4 can be realized
as the fundamental group of the 8-punctured 2-sphere. As in the proof of Theorem 3.1, the group
PT4 is generated by elements
Sλ,a = (λa)(λa)
−1, λ ∈ Λ4, a ∈ {s1, s2, s3},
where
(4) Λ4 = Λ3 ∪ Λ3s3 ∪ Λ3(s3s2) ∪ Λ3(s3s2s1)
and
Λ3 =
{
s0 = 1, s1, s2, s1s2, s2s1, s1s2s1
}
.
Observe that T4 is a Coxeter group generated by reflections in sides of a triangle D0 with
angles pi/2, 0 and 0 which can be realised in a hyperbolic plane H2, see Figure 4 for the picture
in the upper half-plane model. Here two vertices lie in ∂H2. Such a vertex is usually called an
ideal vertex.
0 1 x
-
D0
s1 s2
s3
Figure 4. Triangle D0.
In this case s1 and s3 are reflections in sides of D0 which form an angle pi/2, and s2 is the
reflection in the third side that meets the two other sides at the point at the absolute ∂H2.
Denote by D10, D20 and D30 sides of D0 corresponding to reflections s1, s2 and s3, respectively.
Since D0 is a fundamental domain of T4 in H2, a fundamental domain of its subgroup PT4
consists of |S4| = 24 copies of D0 glued all together by the action of Λ4. We denote a fundamental
domain of PT4 by PD:
PD =
⋃
g∈Λ4
g(D0).
For a generator si and a domain Dk, we denote si(Dk) = Dik; for two generators si and sj and
a domain Dk, we denote sisj(Dk) = sj(si(Dk)) = sj(Dik) = Djik. Further these notations are
generalised in the natural way. We denote
D0 =
⋃
g∈Λ3
g(D0) =
{
D0, D1 = s1(D0), D2 = s2(D0), D21 = s1s2(D0) = s2(s1(D0)),
D12 = s2s1(D0) = s1(s2(D0)), D121 = s1s2s1(D0) = s1(s2(s1(D0)))
}
.
Since Λ4 is a union of four sets as in (4), we present PD as the union of the following four
6-element sets
PD = D0 ∪ s3D0 ∪ s3s2D0 ∪ s3s2s1D0 = D0 ∪ D3 ∪ D23 ∪ D123,
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where each set consists of 6 triangles Dj with multi-indices j given as follows:
D3 =
{
D3, D31, D32, D312, D321, D3121
}
,
D23 =
{
D23, D231, D232, D2312, D2321, D23121
}
,
D123 =
{
D123, D1231, D1232, D12312, D12321, D123121
}
.
Analogous to the case of D0, for each triangle Dj ∈ PD with multi-index j, we denote by D1j ,
D2j and D
3
j its sides, where we follow the same rule as for D but considering instead of s1, s2
and s3 their conjugates.
Any element Sλ,a = (λa)(λa)−1 ∈ Λ4 can be written in the form sjsis−1k , where si ∈
{s1, s2, s3}, and j, k are such multi-indices, that sj , sk ∈ Λ4. These elements identify side Dik
with side Dij . In particular, for a ∈ {s1, s2} and λ ∈ Λ3, we have the following side identifications:
(5) D11 → D10, D112 → D12, D1121 → D121, and D22 → D20, D221 → D21, D2121 → D212.
The set
D0 =
{
Sλ,a(D0) |λ ∈ Λ3, a ∈ {s1, s2}
}
is presented in Figure 5, where left and right sides should be identified by (s2s1)s2(s1s2s1)−1.
0 1 x
-
D121 D21 D1 D0 D2 D12
2 1 2 1 2 1 2
3 3 3 3 3 3
Figure 5. The set D0.
The case λ ∈ Λ3 and a = s3 gives six pairings
(6) D33 → D30, D331 → D31, D332 → D32, D3321 → D321, D3312 → D312, D33121 → D3121.
The case λ ∈ Λ3s3 and a = s1 gives three pairings
(7) D131 → D13, D1312 → D132, D13121 → D1321.
The gluing given by (5), (6) and (7) leads to the surface A which is schematically presented in
Figure 6. Here ideal vertices are indicated by black circles, and other vertices are finite, where
four pi/2-angles meet.
The boundary of the surface A, presented in Figure 6, is formed by six sides
(8) D23, D
2
31, D
2
321 D
2
3121, D
2
312, D
2
32.
Now consider further possibilities for λ and a. The case λ ∈ Λ3s3s2 and a = s1 leads to
pairwise identifications as follows:
(9)
D1123 → D123, D11231 → D1231, D11232 → D1232,
D112321 → D12321, D112312 → D12312, D1123121 → D123121.
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D0D1
D21
D121 D12
D2
D3D31
D312
D3121 D312
D32
2 2
2 2
2 2
u
u
u
u u
u u
Figure 6. Surface A.
The case λ ∈ Λ3s3s2 and a = s3 leads to the gluing
(10) D3232 → D323, D32321 → D3231, D323121 → D32312;
and the cases λ ∈ Λ3s3s2s1 with a ∈ {s2, s3} lead to gluing
(11)
D21231 → D2123, D212312 → D21232, D2123212 → D212321,
D31232 → D3123, D312321 → D31231, D3123121 → D312312.
The gluing given by (9), (10) and (11) lead to the surface B presented in Figure 7.
D12312
D123121
D12321 D1231
D123
D1232
D2312
D23121
D2321 D231
D23
D232
2 2
2 2
2 2
u
u
u
u u
u u
Figure 7. Surface B.
The boundary of the surface B, presented in Figure 7, is formed by six sides
(12) D22312, D
2
23123, D
2
2321 D
2
231, D
2
23, D
2
232.
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Sides listed in (8) and (12) are pairwise glued by generators of PT4 which appear in the case
λ ∈ Λ3s3 and a = s2
(13)
D223 → D23, D2231 → D231, D2232 → D232,
D22321 → D2321, D22312 → D2312, D223121 → D23121.
Thus, after gluing boundary sides by (13), we get the surface C = A∪B that is homeomorphic to
the 2-sphere with eight punctures corresponding to ideal vertices. By the preceding construction
PT4 = pi1(C), and hence PT4 is a free group of rank seven.
4. Generators of pure twin groups
In this section, we determine generators of PTn and give an upper bound on its rank.
4.1. Generators and rank of Tn. We begin with the following useful result which is a conse-
quence of direct computations using relations in Tn.
Lemma 4.1. The following holds:
(1) If 2 ≤ l ≤ n− 1, then
sl−1
(
(sl−1sl)3
)sl+1sl+2...sn−1 = ((slsl−1)3)sl+1sl+2...sn−1sl−1.
(2) If in−1 + 1 < l ≤ n− 1, then
mn−1,in−1sl m
−1
n−1,in−1sl−1 =
(
(slsl−1)3
)sl+1sl+2...sn−1 .
(3) If l = n− 1, then
mn−1,in−1sl m
−1
n−1,in−1sl−1 = (slsl−1)
3.
(4) If in−1 + 1 < l ≤ n− 1, then
mn−1,in−1 sl = sl−1 mn−1,in−1 .
Proof. For (1), consider
sl−1
(
(sl−1sl)3
)sl+1sl+2...sn−1 = sl−1(sn−1 . . . sl+2sl+1(sl−1sl)3sl+1sl+2 . . . sn−1)
= sn−1 . . . sl+2sl+1sl−1(sl−1sl)3sl+1sl+2 . . . sn−1
= sn−1 . . . sl+2sl+1(slsl−1)3sl−1sl+1sl+2 . . . sn−1
=
(
sn−1 . . . sl+2sl+1(slsl−1)3sl+1sl+2 . . . sn−1
)
sl−1
=
(
(slsl−1)3
)sl+1sl+2...sn−1sl−1.
Next, for in−1 + 1 < l ≤ n− 1, we have
mn−1,in−1sl m
−1
n−1,in−1sl−1 = sn−1 . . . sl+1slsl−1 . . . sin−1+1slsin−1+1 . . . sl−1slsl+1 . . . sn−1sl−1
= sn−1 . . . sl+1slsl−1sl . . . sin−1+1sin−1+1 . . . sl−1slsl+1 . . . sn−1sl−1
= sn−1 . . . sl+1slsl−1slsl−1slsl+1 . . . sn−1sl−1
= sn−1 . . . sl+1slsl−1slsl−1slsl−1sl+1 . . . sn−1
=
(
(slsl−1)3
)sl+1...sn−1 .
This proves (2), and (3) is its special case.
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Let in−1 + 1 < l ≤ n− 1. Then, for (4), we have
mn−1,in−1 sl = sn−1 . . . sl+1slsl−1sl−2 . . . sin−1+1sl
= sn−1 . . . sl+1slsl−1slsl−2 . . . sin−1+1
= sn−1 . . . sl+1sl−1slsl−1sl−2 . . . sin−1+1, using the braid relations
= sl−1 sn−1 . . . sl+1slsl−1sl−2 . . . sin−1+1
= sl−1 mn−1,in−1 .

Observe that PTn−1 is a subgroup of PTn for each n ≥ 2. In the next result, we determine
generators of PTn that do not lie in PTn−1.
Theorem 4.2. The pure twin group PTn, for n > 2, is generated by PTn−1 together with the
following additional generators{(
(sl−1sl)3
)(λ0 mn−1,l)−1 | 2 ≤ l ≤ n− 1 and λ0 ∈ Λn−1}.
Proof. By Reidemeister–Schreier Theorem, the pure twin group PTn is generated by the set{
Sλ,a = (λa)(λa)
−1 | λ ∈ Λn and a ∈ {s1, s1, . . . , sn−1}
}
.
Let λ ∈ Λn, and a = sl for some 1 ≤ l ≤ n− 1. Then we can write λ = λ0mn−1,in−1 , where
λ0 = m1,i1m2,i2 · · ·mn−2,in−2 .
We now have the following four cases:
Case (1): If λ0 = 1 and mn−1,in−1 = 1, then Sλ,a = 1.
Case (2): If λ0 6= 1 and mn−1,in−1 = 1, then there are two subcases:
Subcase (2a): If l = n− 1, then
Sλ0,sl = (λ0sn−1)(λ0sn−1)
−1
= (λ0sn−1)(λ0sn−1)−1
= 1.
Subcase (2b): If l < n− 1, then Sλ0,sl ∈ PTn−1.
Case (3): If λ0 = 1 and mn−1,in−1 6= 1, then we have the following four cases:
Subcase (3a): If l > in−1 + 1, then a direct computation yields
Smn−1,in−1 ,sl = (mn−1,in−1sl)(mn−1,in−1sl)
−1
= (mn−1,in−1sl)(sl−1mn−1,in−1)
−1
=
(
(slsl−1)3
)sl+1sl+2···sn−1 , using Lemma 4.1(2)
=
(
(slsl−1)3
)m−1n−1,l .
Subcase (3b): If l = in−1 + 1, then
Smn−1,in−1 ,sl = (mn−1,in−1sin−1+1)(mn−1,in−1sin−1+1)
−1
= mn−1,in−1+1 mn−1,in−1+1
−1
= 1.
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Subcase (3c): If l = in−1, then
Smn−1,in−1 ,sl = (mn−1,in−1sin−1)(mn−1,in−1sin−1)
−1
= mn−1,in−1−1 mn−1,in−1−1
−1
= 1.
Subcase (3d): If l < in−1, then
Smn−1,in−1 ,sl = (mn−1,in−1sl)(mn−1,in−1sl)
−1
= (slmn−1,in−1)(slmn−1,in−1)
−1
= (slmn−1,in−1)(slmn−1,in−1)
−1
= 1.
Case (4): If λ0 6= 1 and mn−1,in−1 6= 1, then we have the following four cases:
Subcase (4a): If l > in−1 + 1, then
Sλ0mn−1,in−1 ,sl = (λ0mn−1,in−1sl)(λ0mn−1,in−1sl)
−1
= (λ0mn−1,in−1sl)(λ0sl−1mn−1,in−1)
−1
= (λ0mn−1,in−1sl)(m
−1
n−1,in−1)(λ0sl−1)
−1
= (λ0sl−1)
(
(sl−1sl)3
)sl+1sl+2···sn−1(λ0sl−1)−1, using Lemma 4.1(2)
=
(
(sl−1sl)3
)sl+1sl+2···sn−1(λ0sl−1)−1(λ0sl−1)(λ0sl−1)−1
=
(
(slsl−1)3
)sl+1sl+2···sn−1λ−10 Sλ0,sl−1
=
(
(slsl−1)3
)(λ0 mn−1,l)−1 Sλ0,sl−1 ,
where Sλ0,sl−1 ∈ PTn−1.
Subcase (4b): If l = in−1 + 1, then
Sλ0mn−1,in−1 ,sl = (λ0mn−1,in−1sin−1+1)(λ0mn−1,in−1sin−1+1)
−1
= (λ0mn−1,in−1+1)(λ0mn−1,in−1+1)
−1
= 1.
Subcase (4c): If l = in−1, then
Sλ0mn−1,in−1 ,sl = (λ0mn−1,in−1sin−1)(λ0mn−1,in−1sin−1)
−1
= (λ0mn−1,in−1−1)(λ0mn−1,in−1−1)
−1
= 1.
Subcase (4d): If l < in−1, then
Sλ0mn−1,in−1 ,sl = (λ0mn−1,in−1sl)(λ0mn−1,in−1sl)
−1
= (λ0slmn−1,in−1)(λ0slmn−1,in−1)
−1
= (λ0slmn−1,in−1)(mn−1,in−1)
−1(λ0sl)−1
= (λ0sl)(λ0sl)
−1
= Sλ0,sl ∈ PTn−1.
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Note that Subcase (4a) yields the case Subcase (3a) by taking λ0 = 1. This completes the proof
of the theorem. 
Remark 4.3. By Theorem 4.2, for n ≥ 6, (s1s2)3 and (s4s5)3 are two distinct commuting
generators of PTn. This shows that PTn is not free for n ≥ 6, giving an alternate proof of the
first part of Theorem 3.2.
The following result is useful for determining the minimal number of generators of PTn.
Lemma 4.4. If λ ∈ Λn, then λ−1 ∈ Λn.
Proof. If λ = mk,ik for some 1 ≤ k ≤ n− 1, then
m−1k,ik = sik+1 . . . sk = mik+1,ik . . .mk,k−1 ∈ Λn,
and the result holds. We note that it is enough to prove the assertion for Schreier cosets of the
form λ = mk,ikml,il for some 1 ≤ k < l ≤ n − 1. We prove this by induction on n. The result
obviously holds for n = 1, 2, which is the base step of the induction. Now consider
λ−1 = m−1l,ilm
−1
k,ik
= (slsl−1 . . . sil+1)
−1(sksk−1 . . . sik+1)
−1
= sil+1 . . . sl−1sl sik+1 . . . sk−1sk.
Now, if k + 1 = l, then
λ−1 = sil+1 . . . sl−1 sik+1 . . . sk−1(sk+1sk)
= (mk−1,ikml−1,il)
−1(sk+1sk) ∈ Λn,
since (mk−1,ikml−1,il)
−1 ∈ Λn by induction hypothesis.
If k + 2 ≤ l, then
λ−1 = (sil+1 . . . sl−1 sik+1 . . . sk−1sk)sl
= (mk,ikml−1,il)
−1sl ∈ Λn,
since (mk,ikml−1,il)
−1 ∈ Λn by induction hypothesis. This completes the proof. 
Remark 4.5. In view of Lemma 4.4, if λ0 ∈ Λn−1, then λ−10 ∈ Λn−1. Suppose that λ−10 =
m1,i1m2,i2 · · ·mn−3,in−3mn−2,in−2. Then, for 2 ≤ l ≤ n− 1, we have
(λ0 mn−1,l)−1 = m−1n−1,l λ
−1
0
= sl+1sl+2 · · · sn−2sn−1 m1,i1m2,i2 · · ·mn−3,in−3mn−2,in−2
= sl+1sl+2 · · · sn−2 m1,i1m2,i2 · · ·mn−3,in−3(sn−1mn−2,in−2)
...
= m1,i1m2,i2 · · ·ml−2,il−2ml−1,il−1(sl+1ml,il) · · · (sn−2mn−3,in−3)(sn−1mn−2,in−2).
Hence, (λ0 mn−1,l)−1 is a Schreier coset representative not containing the term ml,il . Thus, by
Theorem 4.2, for n > 2, generators of PTn that do not lie in PTn−1 are given by
(14)
{(
(sl−1sl)3
)λ | 2 ≤ l ≤ n− 1 and λ ∈ Λn does not contain the term ml,il}.
A direct computation shows that (3) holds in general.
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Lemma 4.6. The following relation holds in PTn for n ≥ 4:
(sn−2sn−3)3
(
(sn−2sn−1)3
)mn−3,n−4mn−2,n−4(sn−3sn−2)3 = ((sn−1sn−2)3)mn−3,n−4mn−2,n−3 .
Theorem 4.7. For n ≥ 5, rank of PTn is at most rn, where
rn = rn−1 +
(n− 1)!
2
+ (n− 1)!
( n−2∑
l=3
(l − 1)2
l!
)
+ (n− 3)(n− 1)
and r4 = 7.
Proof. We proceed as per the following cases:
Case(1): For l = 2, generators of PTn that do not lie in PTn−1 are given by{(
(s1s2)
3
)λ | λ = m3,i3m4,i4 · · ·mn−1,in−1}.
Notice that mk,ik 6= 1 for each 3 ≤ k ≤ n− 1. For, if some mk,ik = 1, then
(
(s1s2)
3
)λ ∈ PTn−1.
Thus, there are precisely (n− 1)!/2 such generators.
Case(2): For 2 < l < n − 1, in view of Remark (4.5), generators of PTn that do not lie in
PTn−1 are given by{(
(sl−1sl)3
)λ | λ = ml−2,il−2ml−1,il−1ml+1,il+1ml+2,il+2 · · ·mn−1,in−1}.
Just as in Case (1), mk,ik 6= 1 for each l + 1 ≤ k ≤ n− 1. If ml−2,il−2 = 1 = ml−1,il−1 , then the
number of generators is (l+1)(l+2) · · · (n−1) = (n−1)!/l!. In the other case, ml−2,il−2 6= 1 but
ml−1,il−1 could be trivial, and hence the number of generators is (l−2)l(l+1)(l+2) · · · (n−1) =
(n− 1)!/((l − 3)!(l − 1)).
Case(3): For l = n− 1, we have mn−1,l = 1, and hence generators are of the form{(
(sn−2sn−1)3
)λ | λ = mn−3,in−3mn−2,in−2}.
The number of such generators is (n − 3)(n − 1) + 1. But, in view of Lemma 4.6, two of
these generators are conjugated by a generator lying in PTn−1, and hence the actual number is
(n− 3)(n− 1). Set r4 = 7, and for n ≥ 5, define
rn = rn−1 +
(n− 1)!
2
+
n−2∑
l=3
((n− 1)!
l!
+
(n− 1)!
(l − 3)!(l − 1)
)
+ (n− 3)(n− 1)
= rn−1 +
(n− 1)!
2
+ (n− 1)!
( n−2∑
l=3
(l − 1)2
l!
)
+ (n− 3)(n− 1).
Then our computations show that rank of PTn is at most rn. 
Remark 4.8. By [1] and [3], the first Betti number of the Eilenberg–Maclane space Xn is
2n−3(n2 − 5n+ 8)− 1, which is a lower bound for the number of generators of PTn for n > 2.
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4.2. Conjugation action of Tn on PTn. Since PTn is a normal subgroup of Tn, there is a
natural homomorphism
φn : Inn(Tn)→ Aut(PTn)
obtained by restricting inner automorphisms of Tn to PTn. In view of Corollary 2.4, Tn ∼= Inn(Tn)
for n > 2, and we have
φn : Tn → Aut(PTn).
By Theorem 3.1, PT3 ∼= Z and we have(
(s1s2)
3
)s1 = (s2s1)3 and ((s1s2)3)s2 = (s2s1)3.
Thus, the homomorphism φ3 : T3 → Aut(Z) is not faithful.
Again, by Theorem 3.1, PT4 ∼= F7 is generated by the elements
b1 = (s1s2)
3, b2 =
(
(s1s2)
3
)s3 , b3 = ((s1s2)3)s3s2 , b4 = ((s1s2)3)s3s2s1 ,
b5 = (s2s3)
3, b6 =
(
(s2s3)
3
)s1 , b7 = ((s2s3)3)s1s2 .
A direct computation shows that the automorphisms φ4(si), i = 1, 2, 3, act on these generators
by the rules:
φ4(s1) :

b1 7→ b−11 ,
b2 7→ b−12 ,
b3 7→ b4,
b4 7→ b3,
b5 7→ b6,
b6 7→ b5,
b7 7→ b1b−17 b−11 ,
φ4(s2) :

b1 7→ b−11 ,
b2 7→ b3,
b3 7→ b2,
b4 7→ b−11 b−14 b1,
b5 7→ b−15 ,
b6 7→ b7,
b7 7→ b6,
and
φ4(s3) :

b1 7→ b2,
b2 7→ b1,
b3 7→ b−15 b−13 b5,
b4 7→ b−16 b−14 b6,
b5 7→ b−15 ,
b6 7→ b−16 ,
b7 7→ b−12 b−16 b−14 b1b7b3b5.
Let V be the verbal subgroup of PT4 defined by the word w = x2. Then
PT4/V ∼= Z⊕72 ,
the direct product of 7 copies of cyclic group of order 2. For each i = 1, 2, . . . , 7, let βi denote
the image of bi in Z⊕72 . The automorphisms φ4(si) induce automorphisms of Z
⊕7
2 . If we restrict
these automorphisms onto the subgroup G4 = 〈β1, β2, β3, β4〉, then they act as permutations
on the generators. In particular, φ4(s1) acts as permutation (34), i.e. permutes generators β3
and β4; φ4(s2) acts as permutation (23) and φ4(s3) acts as permutation (12). Hence, the group〈
φ4(s1), φ4(s2), φ4(s3)
〉
acts on G4 as S4. Now we can prove
Proposition 4.9. The representation φ4 : T4 → Aut(F7) is faithful.
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Proof. Consider the extension 1 → PT4 → T4 → S4 → 1. Each element of T4 can be written
uniquely as aλ for some a ∈ PT4 and λ ∈ Λ4. Now, suppose that φ4(aλ) = id, the identity
automorphism. Then it induces an automorphism of G4. It is trivial only in the case when λ is
trivial. Hence, aλ = a and φ4(a) is the conjugation by a which implies that a = 1. Hence, the
representation φ4 is faithful. 
Problem 4.10. The following problems remain unsettled at this point:
(1) Is it true that Ker(φn) is trivial for n ≥ 5?
(2) A group G is residually nilpotent if
⋂∞
i=1 γi(G) = 1, where γi(G) is the i-th term of the
lower central series of G. Obviously, T2 = Z2 is residually nilpotent. Since T3 = Z2 ∗ Z2
is the infinite dihedral group, we have γ2(T3) =
〈
(s1s2)
2
〉
, and hence
γi(T3) =
〈
(s1s2)
2i−1〉 for i ≥ 2.
Thus,
⋂∞
i=1 γi(T3) = 1 and T3 is residually nilpotent. Determine whether Tn is residually
nilpotent for n ≥ 4.
5. Virtual and welded twin groups
We introduce virtual twin groups V Tn and welded twin groups WTn in analogy with virtual
and welded braid groups. By virtual twin group V Tn we mean the group generated by elements
s1, s2, . . . , sn−1, ρ1, ρ2, . . . , ρn−1,
with defining relations (1)–(2) and (15)–(19), where
ρ2i = 1 for i = 1, 2, . . . , n− 1,(15)
ρiρj = ρjρi for |i− j| ≥ 2,(16)
ρiρi+1ρi = ρi+1ρiρi+1 for i = 1, 2 . . . , n− 2,(17)
siρj = ρjsi for |i− j| ≥ 2,(18)
ρiρi+1si = si+1ρiρi+1 for i = 1, 2, . . . , n− 2.(19)
The quotient of V Tn by additional relations
ρisi+1si = si+1siρi+1 for i = 1, 2, . . . , n− 2,(20)
is called the welded twin group and denoted by WTn. Notice that the second forbidden relation
sisi+1ρi = ρi+1sisi+1 also holds in WTn.
The kernel of the homomorphism
V Tn −→ Sn,
which maps si to ρi and ρi to ρi for i = 1, 2, . . . , n− 1 is the pure virtual twin group PV Tn. This
homomorphism induces the homomorphism
WTn −→ Sn
whose kernel is the pure welded twin group PWTn.
Proposition 5.1. The following holds:
(1) V Tn = PV Tn h Sn.
(2) WTn = PWTn h Sn.
(3) Tn is a subgroup of V Tn.
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Proof. The preceding homomorphisms are split-surjections establishing the assertions (1) and
(2). Consider the endomorphism of V Tn defined on the generators by
ρi 7→ 1 and si 7→ si
for i = 1, 2, . . . , n− 1. The image of this endomorphism is Tn, which proves (3). 
Problem 5.2. We conclude with the following problems:
(1) Find presentations for the groups PV Tn and PWTn.
(2) Find presentations for the commutator subgroups of V Tn and WTn. The commutator
subgroup of Tn has been investigated in [4].
(3) Determine whether PV Tn and PWTn are residually nilpotent (residually finite).
(4) Determine whether V Tn and WTn are linear.
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